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Abstract
This paper reconsiders Gurson (1975, 1977)’s famous limit-analysis of a hollow sphere made of some ideal-plastic von Mises
material and subjected to conditions of homogeneous boundary strain rate (Mandel, 1964; Hill, 1967). The emphasis is put on
successive approximations of the overall plastic dissipation, based on Taylor expansions of one term appearing in the integral
defining it. Gurson (1975, 1977) considered only the approximation based on the first-order expansion, which led to his famous
homogenized criterion. The approximations based on the second- and third-order expansions are considered here. For each of these
approximations, the explicit analytic expression of the overall plastic dissipation is derived and used to study the corresponding
porosity rate. The most important result is that the correction of the predicted porosity rate brought by the second-order approx-
imation to the first-order one is quite significant. This bears notable consequences upon the prediction of ductile damage under
certain conditions.
c© 2014 The Authors. Published by Elsevier Ltd.
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1. Introduction
The most widely used model of ductile rupture is that of Gurson (1975, 1977), which basically describes the overall
behavior of a plastic porous medium having a finite, nonzero porosity. The derivation of this model was based on an
approximate limit-analysis of a hollow sphere (typical “unit cell” in such a medium) made of a rigid-ideal plastic
material obeying the von Mises criterion, and subjected to conditions of homogeneous boundary strain rate (Mandel,
1964; Hill, 1967).
Many papers have been devoted to applications of Gurson’s model, but comparatively few ones to its foundations.
The second category of papers essentially includes the works of Garajeu (1995), Monchiet et al. (2011), Alves et al.
(2013) and Cazacu et al. (2013). Monchiet et al. (2011) examined the relevance of the trial velocity fields used by
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Gurson. In contrast, Garajeu (1995), Alves et al. (2013) and Cazacu et al. (2013), accepting these fields, questioned
the accuracy of an approximation made by Gurson (1975, 1977) to get an explicit expression of the overall plastic
dissipation. They showed that the integral expressing this dissipation could be calculated exactly for an axisymmetric
loading, and compared the exact and approximate results in this specific case.
For a general loading, the integral expressing the plastic dissipation unfortunately cannot be calculated explicitly,
but Gurson (1975, 1977) defined an approximate procedure of calculation based on a Taylor expansion of one term
appearing in the integrand. In practice, he considered only the “first-order approximation” (based on the first-order
Taylor expansion). In this paper, we shall study the “second- and third-order approximations” (based on the second-
and third-order Taylor expansions). The aim is essentially to examine the importance of the corrections brought to the
predicted porosity rate by these higher-order approximations.
2. Gurson’s limit-analysis of a hollow sphere
Gurson (1975, 1977) performed a limit-analysis of a hollow sphereΩ of internal radius a, external radius b, porosity
f ≡ a3/b3, made of some rigid-ideal plastic von Mises material with yield stress σ0 in simple tension, and subjected
to conditions of homogeneous boundary strain rate (Mandel, 1964; Hill, 1967):
v(r) = D.r for r ∈ ∂Ω (1)
where v denotes the velocity, r the position-vector originating from the center ofΩ, D the overall strain rate tensor and
∂Ω the external boundary of Ω. Since, for general loadings, the limit-analysis cannot be performed exactly, Gurson
(1975, 1977) envisaged trial incompressible velocity fields of the form
v(r) = vA(r) + vB(r) , vA(r) ≡ Dm b
3
r2
n , vB(r) ≡ D′.r (2)
where r ≡‖ r ‖, n ≡ r/r, and Dm ≡ 13 tr D and D
′ ≡ D −Dm1 are the mean and deviatoric parts of D. The approximate
overall plastic dissipation Π associated to this family of fields is defined by
Π(D) ≡ 14
3πb3
∫
Ω−ω
σ0 deq(r) dΩ (3)
where ω denotes the void and deq ≡
√
2
3 d : d the von Mises equivalent strain rate corresponding to the strain rate
tensor d defined by the velocity field v given by Eqn. (2).
Even for this simple field, the integral in Eqn. (3) cannot be calculated analytically, except for axisymmetric load-
ings (Garajeu, 1995; Alves et al., 2013; Cazacu et al., 2013). Gurson (1975, 1977) therefore proposed the following
procedure for approximate calculation of Π. By Eqn. (2), deq may be put in the following form:
deq(r) =
√
2
3
[dA(r) + dB(r)] : [dA(r) + dB(r)] =
√[
dAeq(r)
]2
+
[
dBeq(r)
]2 √
1 + η(r) , η(r) ≡
4
3 d
A(r) : dB(r)[
dAeq(r)
]2
+
[
dBeq(r)
]2 .
(4)
Equation (3) becomes upon use of this expression of deq(r):
Π(D) = σ04
3πb3
∫
Ω−ω
√
4D2m
b6
r6
+ D2eq
√
1 + η(r) dΩ = σ0
b3
∫ b3
a3
√
4D2m
b6
r6
+ D2eq 〈
√
1 + η(r) 〉S (r) d(r3) (5)
where Deq ≡
√
2
3 D′ : D′ denotes the overall von Mises equivalent strain rate and 〈g(r)〉S (r), for any function g, the
average value of this function over the spherical surface S (r) of radius r. Now it is easy to show, using Cauchy-
Schwartz’s inequality, that −1 ≤ η(r) ≤ 1 for every r. This suggests to replace the expression √1 + η(r) in Eqn.
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(5) by T (n)(η(r)), where T (n)(η) is the n-th-order Taylor expansion of √1 + η around the point η = 0, which leads to
introducing a n-th-order approximationΠ(n) of Π as
Π
(n)(D) ≡ σ0b3
∫ b3
a3
√
4D2m
b6
r6
+ D2eq 〈T
(n)(η(r))〉S (r) d(r3). (6)
Gurson (1975, 1977) in fact considered only the first-order approximationΠ(1) of Π. At this order 〈T (1)(η(r))〉S (r) =
〈1 + 12η(r)〉S (r) = 1 and calculation of the integral over r3 yields
Π(1)(D) ≡ ΠGurson(D) = σ0
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣2Dm argsinh
(
2Dmx
Deq
)
−
√
4D2mx2 + D2eq
x
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
1/ f
x=1
(7)
where, for any function g, [g(x)]x2x=x1 ≡ g(x2) − g(x1). The corresponding approximate yield surface S(1) is given by
Σ =
∂Π(1)
∂D
(D) ⇒ Σm = σ03
∂Π(1)
∂Dm
(Dm,Deq) , Σeq = σ0 ∂Π
(1)
∂Deq
(Dm,Deq) (8)
where Σ is the overall stress tensor, Σm ≡ 13 trΣ its mean part, Σeq ≡
√
3
2Σ
′ : Σ′ (Σ′ ≡ Σ − Σm1) the overall von
Mises equivalent stress, and D, Dm, Deq act as parameters. Calculating the derivatives ∂Π(1)/∂Dm and ∂Π(1)/∂Deq and
eliminating the ratio Dm/Deq between the expressions of Σm and Σeq found, one gets Gurson (1975, 1977)’s classical
homogenized criterion:
Σ2eq
σ20
+ 2 f cosh
(
3
2
Σm
σ0
)
− 1 − f 2 = 0. (9)
Also, Eqn. (8) implies that the triaxiality T is given by the equation
T ≡
Σm
Σeq
=
1
3
∂Π(1)/∂Dm
∂Π(1)/∂Deq
(Dm,Deq) = 23
[
argsinh (2ξx) ]1/ f
x=1[
− 1
x
√
4ξ2x2 + 1
]1/ f
x=1
(10)
connecting it to the “normalized porosity rate” ξ defined by
ξ ≡
Dm
Deq
=
˙f
3(1 − f )Deq =
1
3(1 − f )
d f
dEeq
(11)
where Eeq ≡
∫ t
0 Deq(τ)dτ denotes the overall cumulated equivalent strain. (Use has been made here of the relation
˙f = 3(1 − f )Dm resulting from matrix incompressibility).
3. Higher-order approximations
3.1. Second-order approximation
The expressions of the strain rates dA, dB are easily deduced from the definition (2) of the velocity fields vA, vB:
dA(r) = Dm b
3
r3
(1 − 3 n ⊗ n) ; dB(r) = D′. (12)
Therefore
dA(r) : dB(r) = −3Dm b
3
r3
n.D′.n = −3Dm
b3
r3
(
D′1n
2
1 + D
′
2n
2
2 + D
′
3n
2
3
)
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where the vector n is expressed in the principal basis of D, so that the parameter η defined by Eqn. (4) is given by
η(r) = − 4Dm b
3/r3
4D2m b6/r6 + D2eq
(
D′1n
2
1 + D
′
2n
2
2 + D
′
3n
2
3
)
. (13)
It follows that calculating the average value 〈T (2)(η(r))〉S (r) = 〈1 + 12η(r) − 18 [η(r)]2〉S (r) just requires to calculate
average values of the type 〈n2i 〉S (r), 〈n4i 〉S (r), 〈n2i n2j〉S (r). Such calculations are easy using symmetry considerations and
spherical coordinates, and the final result for 〈T (2)(η(r))〉S (r) is
〈T (2)(η(r))〉S (r) = 1 − 25
D2mD2eq b6/r6(
4D2m b6/r6 + D2eq
)2 . (14)
Such an expression permits to again calculate the integral in Eqn. (6) defining Π(2) analytically, and the result reads
Π(2)(D) = Π(1)(D) − 25 σ0
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
D2mx√
4D2mx2 + D2eq
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
1/ f
x=1
(15)
where Π(1) is given by Eqn. (7). The corresponding approximate yield surface S(2) is given by an equation similar to
(8) with Π(2) instead of Π(1), and the triaxiality T and the normalized porosity rate ξ are connected through the relation
T =
1
3
∂Π(2)/∂Dm
∂Π(2)/∂Deq
(Dm,Deq) = 23
[
argsinh (2ξx) − 25 ξx(2ξ
2 x2+1)
(4ξ2 x2+1)3/2
]1/ f
x=1[
− 1
x
√
4ξ2 x2 + 1 + 25
ξ2 x
(4ξ2 x2+1)3/2
]1/ f
x=1
. (16)
3.2. Third-order approximation
Calculating Π(3) requires calculating the average value 〈T (3)(η(r))〉S (r) = 〈1 + 12η(r) − 18 [η(r)]2 + 116 [η(r)]3〉S (r),
and therefore extra average values of the type 〈n6i 〉S (r), 〈n
4
i n
2
j〉S (r), 〈n
2
i n
2
jn
2
k〉S (r). Again, such calculations are feasible,
analytical integration over r3 is then possible and the final result for Π(3) reads
Π
(3)(D) = Π(2)(D) + 8315 σ0
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
DmD3III(
4D2mx2 + D2eq
)3/2
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
1/ f
x=1
(17)
where
DIII ≡
(
D′ 31 + D
′ 3
2 + D
′ 3
3
)1/3
=
[
tr
(
D′ 3
)]1/3 (18)
and Π(2) is given by Eqn. (15). The major novelty here is that Π(3) does not depend only on Dm and Deq but also on
the third invariant DIII of D. (But the eﬀect may be anticipated to be minor because of the smallness of the coeﬃcient
8
315 in Eqn. (17)). The equation of the corresponding yield surface S(3), and the relation connecting the triaxiality T to
the normalized porosity rate ξ, are somewhat more complex than before owing to this extra dependence of Π(3) upon
DIII , and will not be given here.
4. Comparison of the successive approximations of the porosity rate and the exact one
The limit-analysis of the hollow sphere considered, with the boundary conditions imposed, may also be performed
numerically using the standard finite element method including elasticity. The details of the method used were pre-
sented in (Madou and Leblond, 2012, 2013) and will not be repeated here. One may thus determine the (reputedly
exact) yield surface and normalized porosity rate of the elementary cell considered, and compare them to those pre-
dicted by the various approximations. We concentrate here on the sole porosity rate because all (numerical and
approximate) yield surfaces are found to be very close to each other.
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Fig. 1. Comparison of values of ˙f / ˙f Gurson: numerical values and second- and third-order approximations ( f = 0.01)
Figure 1 shows, for a fixed porosity f of 10−2: (i) the porosity rate predicted by the second-order approxima-
tion (Eqn. (16)) normalized by Gurson’s prediction (Eqn. (10)), ξ/ξGurson ≡ ˙f / ˙f Gurson, as a function of the angle
θ ≡ arctan T ; (ii) the predictions of the third-order approximation, normalized in a similar way; (iii) the supposedly
exact, again normalized, values obtained by the finite element method. Since all values of ˙f / ˙f Gurson, except those
corresponding to the second-order approximation, are sensitive to the value of Lode’s angle, three kinds of loadings
corresponding to Lode angles of 0◦ (axisymmetric load with major axial stress), 30◦ (pure shear with superposed
hydrostatic tension) and 60◦ (axisymmetric load with major lateral stress) have been considered for the numerical
values of ˙f / ˙f Gurson; for those corresponding to the third-order approximation Lode angles of 0◦ and 60◦ have been
considered suﬃcient.
Several remarks are in order:
• The second-order approximation brings a significant correction to Gurson’s first-order one for the predicted
porosity rate, ˙f / ˙f Gurson amounting to about 1.25 for low values of T (values of θ close to 0◦) versus about 0.8
for high ones (values of θ close to 90◦).
• There is little diﬀerence between the predictions of the second- and third-order approximations.
• The numerical results confirm the second-order approximation’s predictions that ˙f / ˙f Gurson is a decreasing func-
tion of the triaxiality, larger than unity for low T -values and lower than unity for large ones.
• For small values of T , the numerical results exhibit a notable influence of Lode’s angle upon the porosity rate.
This influence is absent from the second-order predictions. The third-order approximation does incorporates
the eﬀect but unfortunately to a largely insuﬃcient extent.
5. Discussion
The results presented above evidence a lack of accuracy of the prediction of Gurson (1975, 1977)’s model for the
porosity rate. But the model is commonly used in a slightly modified form referred to as the GTN model (Tvergaard
and Needleman, 1984), in which the porosity appearing in the yield function is heuristically multiplied by a parameter
q slightly larger than unity. So the following question naturally arises: does the introduction of such a parameter
suﬃce to solve the deficiency of Gurson (1975, 1977)’s model evidenced?
Figure 2 compares, for porosities of 10−3 and 10−2, the values of the ratio ˙f / ˙f Gurson predicted by the second-order
approximation and the GTN model, for a q-value of 1.25 ensuring coincidence of these values at low triaxialities.
Clearly, the GTN model, once “calibrated” for such triaxialities, errs for larger ones by overestimating ˙f / ˙f Gurson. It
therefore seems preferable, for problems involving large, spatial or temporal variations of the triaxiality, to use the
“second-order model” defined by the expression (15) of Π(2), rather than the GTN model. (Of course, the new model
is somewhat more complex since the expression (15) of Π(2) no longer permits to eliminate D in the expressions of
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Fig. 2. Comparison of values of ˙f / ˙f Gurson: second-order approximation and GTN model (q = 1.25)
the stress components; but this is not bound to raise any special diﬃculty in its numerical implementation into some
finite element programme).
A final remark is that although the second-order model definitely improves upon that of Gurson, it is still imperfect
in that it does not predict any influence of Lode’s angle upon the porosity rate, in clear contrast to the results of
numerical unit cell calculations. Pursuing the Taylor expansion of the term
√
1 + η(r) in the expression of the plastic
dissipation up to the third order would not solve the diﬃculty since the influence of Lode’s angle thus introduced is
much too weak. The problem thus lies in the inaccuracy of Gurson’s velocity fields defined by Eqn. (2) themselves.
Matching the numerical values of the porosity rate would require using more complex fields; an interesting step in
this direction has been made by Monchiet et al. (2011) by using Eshelby-like velocity fields.
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